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Evaluation of Isoquant Forms 
in Beef Production1
Francis Epplin, Shashanka Bhide, and Earl O. Heady
Several events during the 1970’s have indicated the need 
for improved knowledge of substitution or trade-off 
rates between forage and concentrates in beef cattle 
rations. Unparalleled wide swings in the prices o f feed 
grains and forages have given rise to large fluctuations 
in the price ratios among feeds and between feeds and 
beef. These fluctuating price ratios have caused the 
profitability of cattle feeding to be highly variable. 
They also have caused considerable swings among feed- 
stuffs in the rations that are o f lowest cost for a given 
gain. During the period o f large world crop shortfalls 
and shortages o f food for human consumption, there 
was growing interest in animal rations based more on 
forage and less on grains. Finally, certain evidence 
uncovered in the 1970’s suggested the possibilities of 
concave forage-concentrate trade-off curves in beef pro­
duction.
OBJECTIVES
This study estimates production functions and gain 
isoquants for beef cattle fed alternative forage- 
concentrate rations. The main components o f the ration 
are green-chopped alfalfa-bromegrass (soilage)2 and 
com grain. The estimates are based on data from ex­
periments designed to allow estimation of production 
functions and gain isoquants in beef production.
As is indicated later, some evidence has been 
uncovered suggesting that beef gain forage-con­
centrate isoquants might not be strictly convex to the 
origin. If so, the possible conclusions with respect to the 
optimal forage-concentrate ration might differ con­
siderably from least-cost rations calculated on the basis 
of convex isoquants. Hence, the major objective of this 
analysis is to evaluate the algebraic nature o f beef gain 
forage-concentrate isoquants. Functions are estimated 
that allow linear, concave, or convex isoquants. They 
are then compared statistically and in economic ap­
plications. These comparisons are made because the 
data set upon which the estimates are based is the 
largest one available for the purpose.
The study has the following auxiliary objectives: (1) 
to develop a theoretical forage-concentrate isoquant; (2) 
to estimate a portion of the forage-concentrate iso-
1Project 2102, Iowa Agriculture and Home Economics Experi­
ment Station.
2In the original analysis and subsequent publications, the pas­
ture mixture was called "soilage” [13, 14, 24, 26]. Thus, in this 
bulletin, for consistency and continuity, and to avoid confusion, we 
also refer to it as soilage.
quant; and (3) to explain the economic implications of 
the estimation results.
A theoretical forage-concentrate isoquant is de­
veloped after a brief review of previous studies. As will 
be noted later, because o f the limitations o f the data 
available, a test o f the complete theoretical isoquant 
cannot be conducted. But, a portion of the isoquant is 
statistically estimated. Finally, some economic im­
plications o f the estim ated portion o f the forage- 
concentrate isoquant are presented.
REVIEW OF SELECTED STUDIES
In this study, certain basic concepts in the fields of 
production economics and animal nutrition are used. 
Readers desiring detailed analysis o f production eco­
nomics concepts should consult Heady and Dillon [12] 
or Dillon [8]. Similarly, the various concepts concerning 
beef nutrition are discussed in nutrition texts. For a 
detailed discussion o f the California net energy system, 
see Lofgreen and Garett [18].
An Iowa State University study designed to investi­
gate the marginal rate o f substitution (the slope of the 
isoquant) between concentrate and com  silage in beef 
feeding rations was conducted from 1975 to 1979. Re­
sults of the study suggest that over some range of 
rations the beef gain isoquant may be concave to the 
origin [1, 2, 15, 19].
Brokken et al. [5] presented a theoretical argument 
for a concave region in the forage-concentrate isoquant. 
Brokken has more recently refined his hypothesis [3,4]. 
Brokken’s proposition is well developed, and we discuss 
only the key issues o f it. The regulation o f dry matter 
intake by the ruminant provides a foundation for the 
proposition. The relationship between the intake of dry 
matter and the energy concentration of the ration was 
proposed by Montgomery and Baumgardt [20, 21].
Consider Figure 1 with rate o f feed intake on the 
vertical axis and energy concentration on the horizon­
tal axis. The proposition is that ruminants have a phys­
iological demand for energy. The animals regulate 
their intake of feed to meet this physiological demand, 
except that they cannot satiate the demand by relative­
ly low energy concentration feeds. The peak of dry 
matter intake in Figure 1 is denoted with X. To the left 
of X, gut fill limits the energy intake. For example, an 
animal on a diet o f ground com  cobs could not consume 
sufficient quantities to satisfy its demand for energy. To 
the right o f X  dry matter intake declines as the energy 
concentration increases since the animal’s energy de­
mand can be met with a smaller intake. For example,
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N u t r i t i v e  V a l u e  ( E n e r g y  Co n c e n t r at i o n )
Fig. 1. Proposed relations in regulation of feed intake in rumi­
nants adapted from Montgomery and Baumgardt [20].
an animal receiving a ration composed primarily of 
com  grain could consume sufficient quantities to meet 
its energy demand.
The value for X  has not been established. It may 
depend on the weight and age of the animals as well as 
the environment. We expect, based on Brokken’s work, 
that a full com  silage ration with a net energy for gain 
(NEJ of 0.99 megacalories per kilogram (Mcal/kg) 
would fall to the right o f X; gut fill would not be ex­
pected to limit intake [3, 4, 5, 23]. However, a diet of 
full-bloom alfalfa hay with NEg=0.40 Mcal/kg would 
fall to the left o f X; the animal could not consume 
sufficient quantities to meet its full demand for energy. 
Brokken’s hypothesis is that the isoquant is convex to 
the left o f X and concave to the right o f X. He has some 
empirical evidence in which five levels o f alfalfa hay 
and com  grain were fed to 40 animals. A  plot o f his data 
gives an S-shaped or sigmoid isoquant.
Brokken refers to a study by Goodrich et al. [11]. 
They analyzed the result o f 17 experiments involving 
com  silage and com  grain. The experiments were de­
signed to determine the influence of com  silage level in 
the ration on weight gains. They estimated the feed 
required per 100 pounds of gain for eight rations con­
taining between 10 and 80 percent com  silage in 10- 
percent increments. Supplement was fixed at a level of 
about 5.5 percent of each ration. A plot o f their esti­
mates indicates a very slightly concave isoquant. The 
NEg range for these rations is from approximately 1.1 
to 1.4 Mcal/kg, which is well to the right o f X in Figure 1 
and within Brokken’s concave region.
Byers, Matsushima, and Johnson [6] also compared 
alternative levels o f com  silage and com  grain. They 
concluded that an interaction exists when com  grain 
and com  silage are combined in rations. When the two 
feeds are combined, the energy content is less than 
when they are fed separately. This condition also would 
result in a concave region in the isoquant.
Studies o f substitution rates between soilage 
(green-chopped alfalfa-bromegrass) and com  grain as 
reported by Heady et al. [13] and elsewhere [14, 24,26, 
27, 28] show an isoquant convex to the origin. If the
NE„ of the soilage is equivalent to that for grazed 
alfalfa-bromegrass, the NEg for this study ranges from 
0.71 to 1.23 Mcal/kg. Unlike the com  silage experi­
ments, these data extend into the region in which gut 
fill limits energy intake.
PROPOSED ISOQUANT
Consider the hypothetical forage-concentrate iso­
quant in Figure 2. The quadrant has been divided into 
three regions. Region A is the high concentrate area. A 
100-percent concentrate diet fed for an extended period 
of time is likely to have detrimental effects on growth. 
For example, the NRC reports that, although full con­
centrate diets have been successfully fed, a minimal 
amount of forage is generally necessary to prevent ru­
men dysfunction and laminitis [23]. Morrison also rec­
ognized the need for some forage in the diet to prevent 
animals from being thrown off feed [22]. Therefore, the 
isoquant is expected to be convex in region A.
Region C is the high forage region. It corresponds 
to the region left of X in Figure 1. Brokken’s hypothesis 
for region C is that gut fill prevents the animal from 
ingesting a sufficient quantity o f feed to meet its 
physiological demand for energy. A high forage diet 
increases the time required to achieve a specific level of 
gain. Previous gains must be maintained over a longer 
period of time. Thus, the isoquant is expected to be 
convex in region C.
Region B is the main area of concern. Logically, if 
the isoquant is convex in regions A and C, region B
Q u a n t i t y  of C o n c e n t r a t e
Fig. 2. A hypothetical roughage-concentrate beef gain 
isoquant.
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might also be expected to be convex. For example, 
Heady et al. [13] estimated three gain functions. One of 
the gain functions resulted in an isoquant with a con­
cave region. Given the knowledge o f the time, they 
rejected it and selected the function that yielded convex 
isoquants as more logical. Economic theory had gener­
ally postulated a convex isoquant. On the basis o f the 
beef feeding recommendations given by Morrison [22] 
and the NRC [23], animal scientists earlier had gener­
ally regarded the isoquant in region B to be linear. 
Based on more recent evidence presented, however, 
there is some basis to propose that the isoquant might 
be concave in region B.
ANALYSIS OF EXPERIMENT
One problem in examining the shape of the iso­
quant is the lack of studies comparing various forage- 
concentrate levels in the ration. Another problem is 
that substantial numbers o f observations are required 
to obtain statistical significance. The experiment con­
ducted and analyzed by Heady et al. [13] partially 
overcame these two problems. Fortunately, the original 
data from that experiment were still available.3
Given the knowledge of the time, only convex iso­
quants were accepted in the initial analysis. However, 
because of more recent hypotheses and findings propos­
ing the possibility o f concave isoquants for certain com­
binations of forage and concentrate, it was decided to 
test these hypotheses with the original data. This data 
set for forage-grain substitution rates is perhaps the 
largest one available designed as a single experiment. 
Also, additional statistical estimation procedures have 
been developed since the previous study. We recognize 
that specific beef feeding recommendations should not 
be made from data acquired in the 1950’s. However, the 
general overall shape o f the b ee f gain forage- 
concentrate isoquant is likely to remain relatively con­
stant over time.
The objective o f the previous study was to determine 
the rates o f substitution between com  and pasture. 
Since the intake of pasture is not easily measured, the 
experiment was designed to simulate pasture feeding. 
The soilage (alfalfa-bromegrass) was chopped once dai­
ly and fed in an amount adequate to feed the steers for 
one day. Six rations were fed as presented in Table 1.
The study was conducted at two experimental farms 
in western Iowa, Castana and Shenandoah. The rations 
at Castana contained 10 milligrams of diethylstilbes- 
trol (DES) per head daily while those at Shenandoah 
did not. In other respects, the experimental design was 
the same at both farms. Each of the six rations was 
replicated four times per farm. A total o f 336 Hereford 
steers was included (six rations x four replications x 
seven steers per pen x two farms). The initial weight of 
the steers was approximately 840 pounds. Additional 
information concerning the design of the experiment 
can be found elsewhere [14, 24, 26, 27, 28].4
3The authors wish to thank Allen Trenkle and his associates in the 
Iowa State University Department of Animal Science for preserving 
and providing the data.
4A supplement was fed to all animals at a rate of one pound per 
day t!3, p. 887].
Table 1 . The s ix  ra tion s  on an a s -fe d  and dry-m atter b a s is , with 
estim ated net energy fo r  gain
Ration
Ratio o f  s o ila g e  to  corn Estimated NEg
As fed Dry matter (Mcal/kg)
X A ll  so ila g e 100:0 0.71
2 20:1 83:17 0.84
3 10:1 70:30 0.94
4 5 :1 54:46 1.06
5 3:1 41:59 1.16
6 2 :1 32:68 1.23
&On the average so ila g e  contained 20.5% dry matter and com  86.9% 
dry matter.
^Corn at 1.48 M cal/kg and s o ila g e  (a lfa lfa -b rom e) a t 0.71 M cal/kg.
The original trial was established to simulate pas­
ture feeding. The quality o f the pasture varied during 
the growing season, across farms and across years. 
Since the makeup of the pasture cannot be fixed by the 
beef producer, it was expected that this experiment 
would provide average results. But as a consequence, 
the content o f the soilage portion of the ration was not 
fixed. The early growth each year was reported to be 
about a 50-50 mixture o f alfalfa and bromegrass. Alfal­
fa dominated late in the growing season. More precise 
information concerning the makeup of the soilage is not 
available. If the soilage was equivalent to grazed alfal­
fa-bromegrass, its estimated NEg would be 0.71 Meal/ 
kg.5 This estimate may be optimistic for the later part 
of the growing season. We expect that the full soilage 
ration would fall in that region of Figure 2 where gut 
fill limits intake.
Econometric Model
The statistical method used to estimate production 
functions and directly estimated isoquants is regres­
sion analysis.
The general regression model is o f the form
y = x B + e (1)
where
y = an n x 1 vector o f n observations on the depen­
dent variable (e.g., pounds of steer gain),
x = an n x m matrix o f n observations on m indepen­
dent variables (e.g., pounds o f feed intake),
B = an m x 1 vector o f regression coefficients that 
relate y and x, and
e = an n x 1 vector o f stochastic (residual or error) 
terms.
The following are basic assumptions of the model:
(a) E (e) = 0.
(b) E (ee') = o-2I.
(c) The x matrix is composed of fixed numbers and is 
of rank m.
5The methods used in the original analysis [13,14,24,26] suggest 
that the researchers associated with the study concluded that the 
soilage was very similar across years and during the feeding trials 
within years. Again, for the sake o f consistency and continuity, and 
to avoid confusion, the same simplifying assumption is made for the 
analysis presented herein. Except for the initial periods o f the feed­
ing trials, the soilage fed was fairly mature. But measurements of the 
energy concentration o f the soilage were not taken. Hence, we do not 
know how, or if, it varied.
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The first assumption is that the expected value o f the 
vector o f residuals is zero, or that the residuals are 
distributed about a mean of zero. The second assump­
tion is that the expected value o f e multiplied by e 
transpose, E(ee'), is a constant, a2, for all variances and 
zero for all covariances. Thirdly, the model assumes 
that the values o f the x matrix are known and fixed. In 
other words, the assumption is made that the compo­
nents o f vectors in the x matrix are not measured with 
error; or as Johnston [16] notes, if the x variables are 
stochastic they should be independent o f e such that E 
(x'e) = 0. If either o f these two conditions holds, then the 
variation in e measured by a2 reflects the variation in y.
If these assumptions hold, the equation may be 
estimated with ordinary least-squares analysis (OLS). 
OLS is a mathematical procedure that calculates the B 
vector, which minimizes the sum of squared residuals, 
e'e. For our experiment, it is possible that violations of 
the OLS assumptions may occur. Two possible viola­
tions are known as autocorrelation and errors in vari­
ables. For example, see Johnston [16] or Dahm et al. [7].
Direct Estimation of Isoquants
Until recently, direct estimation of isoquants was 
not considered to be statistically acceptable because 
none of the variables is truly independent. However, 
the instrumental variables procedure as defined by 
Fuller [9] has been applied by Sonka, Heady, and Dahm 
[25] and by Melton [19] to directly estimate isoquants. 
This technique was applied to estimate isoquants for 
200 pounds of gain for the Castana, Shenandoah, and 
aggregate data sets.
Since measurements were not taken continuously, 
the estimated gain and feed consumption were interpo­
lated within the weigh period in which 200 pounds of 
gain were achieved. Pens whose steers did not achieve 
on the average at least 200 pounds of gain were not 
included. In other words, whereas all the data used for 
direct isoquant estimation were interpolated, none was 
extrapolated beyond the range of observations.
Since only one observation per pen is required for 
direct isoquant estimation, unlike the case o f produc­
tion function estimation, there is no autocorrelation 
problem. The errors-in-variables problem can be han­
dled with the instrumental variable approach. The in­
strumental variable should be highly correlated with 
the independent variable and measured without error 
[9]. The soilage proportion in the ration is expected to be 
highly correlated with the feed variables. For example, 
as the soilage proportion in the ration increases, it is 
reasonable to expect that the consumption of soilage 
will increase. Furthermore, since the soilage proportion 
fed to any pen was assumed to be fixed experimentally, 
it is assumed to be measured without error. Thus, the 
soilage proportion in the ration can be used as an in­
strumental variable.
The "independent” variables used in the direct 
estimation procedure were obtained by regressing the 
recorded soilage consumption on the soilage proportion 
in the ration. The following quadratic functional form 
was used.
S = b0 + b1R + b2R2 (2)
where
S = pounds dry matter o f soilage estimated to be 
consumed by the steer,
bi (i = 0,1,2) = estimated regression coefficients, and
R =the soilage proportion in the ration.
The residuals from these equations may be a sum of 
random and fixed components. Thus, the functional 
form does not necessarily specify the correct rela­
tionship between the variables.
The instrumental variables procedure provides esti­
mates o f S, S2, and S3 that are independent of the 
stochastic component o f the com  consumed. Therefore, 
isoquants can be directly estimated.
Isoquants were estimated for the Castana data 
pooled over 3 years and for the Shenandoah data also 
pooled over 3 years. In addition, the Castana and Shen­
andoah data sets were also pooled into an "aggregate” 
data set. The aggregate data set contains the data from 
both farms for all 3 years. The equations for linear, 
quadratic, and cubic functional form isoquants for the 
200 pounds of gain are:
Linear
C = ao 4- ajS + a2Dl + a3D2 + a4D3 + u (3)
Quadratic
C = ao + a^S + a2S2 + a3D l + a4D2 + agD3 + u (4) 
Cubic
C = ao + aiS + a2S2 + a3S3 + a4D l + a5D2 + aoD3 + u
(5)
where
C = pounds dry matter o f com  consumed;
D1 = 1 if year 1957, 0 otherwise;
D2 = 1 if year 1958, 0 otherwise;
D3 = 1 if Castana farm, 0 if Shenandoah farm;
aA (i = 0,1,...6) = the regression coefficients to be esti­
mated; and
u = the stochastic term.
The dummy variable D3 is used only for estimating the 
aggregate (pooled over years and farms) isoquant.
The estimates o f the regression coefficients and the 
related statistics are summarized in Table 2.
Since the actual estimation o f the regression coeffi­
cients is made by regressing C on S rather than C on S, 
the residuals reported by the regression routine are 
based on S. The appropriate residuals should be-based 
on S. Thus, the appropriate residuals were directly 
computed and used to calculate the reported MSE's, R2 
values, and t-values.
From a statistical viewpoint, the equations that 
best fit the data are those with the lowest MSE's. In all 
three cases, the linear fits (equations 2.1,2.4, and 2.7 in 
Table 2) have the lowest MSE’s. The R2 values for the 
Castana data are higher than those for the Shenandoah 
data. Hence, a larger portion of the variability of com 
consumption can be explained with knowledge of soil- 
age consumption for the Castana data than for the 
Shenandoah data.
The estimated regression coefficient for the square 
term (S2) o f each quadratic equation (2.2,2.5, and 2.8 in 
Table 2) carries a negative sign. This negative sign 
results in concave isoquants. The negative coefficient
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Table 2. Soilage-corn grain d irectly  estimated isoquants with corn grain as the dependent variable (the data set 
includes a l l  rations)
Explanatory variables
Equation Intercept S SZ SJ D1 D2 D3 MSE n R
Castana
2.1 1,192.9280
(21.50)
-0.4253
(12.70)
— — 291.8709
(5.42)
-240.6780
(5.06)
— 8,907.57 21 0.932
2.2 1,137.13574
(14.74)
-0.32844
(3.89)
-0.00003
(1.5)
— 277.20498
(4.41)
-243.67105
(4.45)
— 11,781.00 21 0.916
2.3 1,115.37564
(13.95)
-0.24531
(2.32)
-0.00012
(1.71)
0.00000002
(1.00)
291.37797
(4.50)
-235.85137
(4.22)
12,136.87 21 0.919
Shenandoah
2.4 1,124.0851
(15.87)
-0.3597
(9.37)
— — 416.4880 
(5.51)
-83.5943
(1.26)
— 17,518.62 22 0.838
2.5 1,053.54651
(10.60)
-0.25668
(2.48)
-0.00003
(1.00)
— 418.19617
(5.23)
-80.52299
(1.15)
— 19,658.94 22 0.828
2.6° 1,048.05975
(8.51)
-0.23447
(1.28)
-0.00005
(0.42)
0 416.30465
(4.33)
-81.24822
(0.97)
27,907.94 22 0.771
Aggregate
2.7 1,213.0655
(22.52)
-0.3905
(14.46)
— — 366.7034
(7.62)
-158.9898
(3.72)
-112.5919
(2.98)
14,587.68 43 0.868
2.8 1,147.74848
(16.29)
-0.28629
(4.09)
-0.000031
(1.72)
— 361.94641
(6.96)
-158.40577
(3.43)
-114.84912
(2.82)
16,974.27 43 0.850
2.9 1,131.34367
(16.47)
-0.20862
(1.77)
-0.00011
(1.10)
0.000000002
(1.00)
361.16113
(7.48)
-157.65062
(3.68)
-115.00875
(3.04)
14,645.55 43 0.874
aThe t-values of the estimated regression coefficients are given below the corresponding coefficient.
**n refers to the number of observations used in estimating the equation.
3 — Q
cThe estimate of coefficient for S is less than 10 in absolute value.
on the square term for equation 2.8 is statistically 
significant at the 0.10 level o f probability. In general 
the cubic functional forms (equations 2.3,2.6, and 2.9 in 
Table 2) do not provide "good” fits.
The results o f this direct estimation procedure sug­
gest that over some range the isoquant is very slightly 
concave. If it were linear, we would expect that some, 
perhaps half, o f the quadratic equations would be 
slightly convex.
One data problem is that only four o f the eight pens 
on the full soilage ration achieved 200 pounds of weight 
gain. The aggregate linear fit (2.7 in Table 2) estimates 
that 3,140 pounds of soilage is the amount required to 
achieve 200 pounds of weight gain on the full soilage 
ration. However, the four pens that did not achieve 200 
pounds of weight gain on the full soilage ration actually 
had consumed an average of 3,245 pounds of soilage, 
but gained only 143 pounds. In other words, the esti­
mate along the full soilage ration line is biased down­
wards.
Since only half o f the pens on the full soilage ration 
achieved the 200-pound gain level, the full soilage ra­
tion was deleted from the data set. Isoquants were then 
directly estimated for the remaining five rations. Based 
on Brokken’s hypothesis, the full soilage ration with an 
estimated NEg o f 0.71 Mcal/kg falls in the region where 
gut fill, rather than physiological demand for energy, 
limits energy intake. For the remaining five rations, 
gut fill would not lim it intake. The estimates relating 
to the directly estimated isoquants with the full soilage 
ration deleted from the data sets are summarized in 
Table 3.
The fit for the Castana data is improved consider­
ably with the deletion of the full soilage ration. This 
conclusion is based on the smaller MSE’s for equations 
3.1, 3.2, and 3.3 o f Table 3, compared with those o f 
equations 2.1, 2.2, and 2.3. Furthermore, the MSE on 
the quadratic fit (equation 3.2) is lower than that of the 
linear fit (equation 3.1). Hence, the concave estimate of 
the isoquant is a statistically better fit than the linear 
estimate. The steers o f one of the Castana pens receiv­
ing the 83:17 ration did not achieve 200 pounds of 
weight gain. Therefore, the degree o f concavity o f the 
isoquant may be slightly exaggerated.
For the Shenandoah and the aggregate (Castana 
and Shenandoah pooled) data, the linear equation has 
lower MSE than either the quadratic or cubic esti­
mates. In both instances, the quadratic estimate gives a 
concave rather than convex isoquant.
The directly estimated isoquants give reason to sus­
pect that the full soilage ration may cause gain function 
estimation problems. Brokken et al. [5] argued that it 
may not be appropriate to estimate gain functions 
based on observations on steers whose energy intake is 
limited by gut fill rather than on those not so limited. 
As mentioned previously, the full soilage ration is in 
the region in which gut fill limits energy intake. The 
other five rations are probably in the region where 
physiological demand for energy limits intake. If this 
hypothesis is correct, a gain function estimated from 
the six rations combined could give misleading results. 
Consider the hypothetical isoquant in Figure 2. The 
convex portion in region C could distort the slightly 
concave portion in region B. The result could be a
31
Table 3. Soilage-corn grain directly estimated isoquants with corn grain as the dependent variable (the data set 
does not include the full soilage ration)
Explanatory variables
Equation Intercept S s 2 S3 D1 D2 D3 MSE
b
n R2
Castana
3.1 1,287.7542
(23.68)
-0.5338
(12.05)
— — 337.5048
(7.76)
-249.9736
(6.43)
— 5,205.44 19 0.942
3.2 1,013.30462
(12.14)
0.03462
(0.24)
-0.00025
(4.07)
— 334.08439
(8.47)
-249.31565
(7.08)
— 4,277.35 19 0.955
3.3 941.26416
(8.41)
0.36722
(1.04)
-0.00068
(1.66)
0.00000016
(1.14)
331.62947
(7.93)
-245.77371
(6.55)
4,803.95 19 0.953
Shenandoah
3.4 1,109.7369
(14.94)
-0.3286
(6.94)
— — 368.1153
(4.57)
-109.8663
(1.62)
— 16,082.81 20 0.749
3.5 1,070.32414
(11.10)
-0.26871 - 
(2.73)
-0.00001855
(0.71)
— 373.59123
(4.36)
-109.55062
(1.53)
— 18,020.80 20 0.737
3.6 1,061.14710
(10.58)
-0.23424 - 
(1.68)
-0.00004784
(0.55)
0.00000001
(0.53)
370.24593
(4.28)
-109.73350
(1.52)
18,160.78 20 0.752
Aggregate
3.7 1,236.2251
(19.52)
-0.4015
(10.27)
— 369.2512
(6.89)
-173.8021
(3.76)
-128.1193
(3.11)
14,867.97 39 0.786
3 . 8 1,186.6732
(15.51)
-0.3138
(4.26)
-0.00003
(1.50)
— 375.99519
(6.47)
-172.55469
(3.45)
-135.32681
(3.02)
17,409.67 39 0.757
3.9 1,174.4432
(15.16)
-0.2668 ■ 
(3.01)
-0.000074
(1.45)
0.00000001
(1.00)
371.37470
(6.37)
-172.9854
(3.47)
-133.3555
(2.98)
17,359.59 39 0.765
aThe t--values of the estimated regression coefficients are given below the corresponding coefficient
^n refers to the number of observations used in estimating the equation.
convex or nearly linear estimate. This could explain 
why gain function estimates by Heady et al. [13] 
yielded convex isoquants while the directly estimated 
isoquants are concave.
If the isoquant actually has the form shown in Fig­
ure 2, why were cubic forms of the directly estimated 
isoquants not successful? W ith sufficient observations, 
if the isoquant is convex in region C and concave in 
region B, the cubic form should provide the best fit. 
Unfortunately, data are available on only four pens in 
region C, but if we assume the other five rations are in 
region B, there are 39 pens in region B. Data from the 
four pens in region C evidently were not sufficient for 
the cubic form to exhibit a sigmoid isoquant, if it exists.
Estimation of Production Functions
Directly estimated isoquants for 200 pounds of gain 
were presented in the previous section. These estimates 
provide reason to suspect that the full soilage ration 
may cause gain function estimation problems. Hence, 
for the analysis in this section, the full soilage ration 
was deleted, and gain functions were estimated by us­
ing the remaining five rations. Isoquants are derived 
from these gain functions and can be compared with 
those directly estimated.
Three functional forms of the beef gain production 
function are used in this study. The first two forms are 
the quadratic, which may be written as
G = b0+ b 1C + b 2S + b3C2+ b4S2 + b5CS + e (6)
and the square root, which may be written as
G = b0+ bxC+ b2S + b3C0-5+ b4Sa5+ b5(CS)a5 + e (7) 
where
G = pounds o f weight gain per steer for the period 
(data on weight gain and feed consumption gire 
obtained for a predetermined time-period);
C, S = pounds of dry matter o f com  grain and soilage 
consumption per steer for the period; 
bj (i = 0,l,...5) = unknown parameters o f the gain 
production function  to be esti­
mated; and 
e — stochastic term.
The quadratic and square root forms have been 
widely used and are well explained in Heady and Dillon 
[12]. The third functional form is a restricted quadratic. 
It is a modification of the quadratic functional form that 
forces the isoquants to be linear. A linear function, 
which would also give linear isoquants, is not appropri­
ate since it forces the marginal return to a unit of feed to 
be constant over all levels o f feed inputs. Weight gain 
per unit of feed is known to decline at heavier weights. 
Therefore, the marginal return of feed must also de­
cline. Hence, the following modification of the quadra­
tic functional form is used. Since it places restrictions 
on the parameters o f the quadratic functional form, we 
refer to it as a restricted quadratic. It is the following 
modified form o f equation 6.
G = b0 + b1C + ^ 4 S + — C2 b5 4b4
+ b4S2+ b5CS + e (8)
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where the parameters b2 and b3 from equation 6 are 
restricted as follows:
t>2 = Q bjbJ • b5" 1
b3 = b i.(4 b 4) 1
The data on gain are obtained by repeated measure­
ments on the same experimental units over time. The 
same group of animals was weighed every 21 or 28 days 
from the beginning to the end o f the feeding trial to 
provide observations on feed inputs and beef gain. 
Hence, there is reason to suspect that the autocorrela­
tion problem (correlation o f the residual term e over 
time) may exist (see Heady and Dillon [12, p. 456]). The 
procedure used to correct for this problem is outlined in 
Dahm, Heady, and Sonka [7].
The errors-in-variables problem should also be con­
sidered before production function estimation. The in­
strumental variables procedure could be used as in 
directly estimating the isoquant. Fuller [10], however, 
has developed a statistical test to determine if ordinary 
least-squares techniques applied to a data set suspected 
of containing errors in variables provide nearly un­
biased estimators. This test was applied to each of the 
data sets. The F-test o f the hypothesis that the ordinary 
least-squares estimators are nearly unbiased was not 
significant at the 0.01 level o f probability for any of the 
Castana and one of the Shenandoah data sets. For two 
of the Shenandoah data sets (two years data), however, 
the hypothesis that ordinary least-squares procedures 
would provide biased estimators could not be rejected at 
the 0.01 level o f probability but could be rejected at the 
0.05 level of probability. Hence, greater faith can be 
placed in the lack of statistical bias for gain functions 
estimated from the Castana data.
On the basis o f these statistical tests, no correction 
is made for errors in variables. In other words, the 
variables are treated as though they are measured 
without errors.
Quadratic form
The estimates o f the parameters o f the quadratic 
production functions along with the related statsitics 
are summarized in Table 4. Dummy variables were
used to account for differences among years, and, in the 
case o f the aggregate function, between farms. All 
observations on the eight pens receiving the full soilage 
ration were deleted from these estimates.
The MSE and R2 values are reported for each pro­
duction function. Because of the transformation used to 
correct for autocorrelation, the R2 values have a slight­
ly different meaning than usual. In this instance, they 
indicate the proportion o f the variability o f the trans­
formed dependent variable explained by the regression 
on the transformed independent variables. But, the R2 
values for the different models or functional forms can 
be compared.
The t-values indicate that the estimated coefficients 
for the intercept, C, S, and the dummy variables are 
significant at the 0.001 level o f probability. The esti­
mated coefficients on the square and interaction terms 
are not statistically significantly different from zero at 
the 0.01 level o f probability. The interaction term is 
significantly negative at the 0.05 level for the Castana 
function and at the 0.10 level for the aggregate func­
tion, but not significantly different from zero for the 
Shenandoah function. For the square terms, only C2 for 
the Shenandoah function and S2 for the aggregate func­
tion are statistically significantly different from zero at 
the 0.20 level o f probability.
These three quadratic production functions yield 
inconclusive results concerning the shape of the iso­
quant. The 200-pound isoquants derived from the Cas­
tana and the aggregate production function are con­
cave. But the isoquant derived from the Shenandoah 
production function is convex.
Square root form
Since the quadratic functional form resulted in in­
conclusive results, the square root functional form was 
also used. The results o f the production function esti­
mates using the square root form are summarized in 
Table 5.
In each case the MSE obtained with the square root 
form is lower than with the quadratic form. The most 
significant regression coefficients are those associated 
with C, S, and the dummy variables. One difference 
noticeable between the data for the two farms is that for
Table 4. The quadratic soilage-corn grain production function estimates with weight gain from 840 pounds as the 
dependent variable*1
Explanatory variables
Equation Intercept C S c 2 s 2 CS D1 D2 D3 MSE
b
n R2
Castana
4.1 32.8836
(4.77)
0.1418
(9.65)
0.0677
(5.02)
0.000008
(1.20)
0.000002
(0.27)
-0.00002
(2.25)
-31.1854
(5.26)
36.4902
(6.49)
— 230.05 121 0.953
Shenandoah
4.2 61.8551
(13.02)
0.1353
(12.65)
0.0425
(5.58)
-0.000008
(1.63)
-0.0000007
(0.28)
-0.000002
(0.42)
-39.8134
(9.50)
12.1223
(3.74)
— 193.49 121 0.964
Aggregate
4.3 44.4698
(10.28)
0.1392
(14.45)
0.0614
(8.46)
-0.000003
(0.70)
-0.000003
(1.34)
-0.000010
(1.82)
-42.7233
(11.43)
17.5317
(5.49)
14.8237
(5.18)
270.47 242 0.949
t-values of the estimated regression coefficients are given below the corresponding coefficient, 
n refers to the number of observations used in estimating the equation.
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Table 5. The square root soilage-corn grain production function estimates with weight from 840 pounds as the dependent 
variable
Explanatory variables
Equation Intercept c S c0-5 S0 *5 (CS)0 *5 D1 D2 D3 MSE bn R2
Castana
5.1 12.5849 0.1562 0.0779 1.6882 0.7390 -0.0938 -31.8162 36.2339 225.07 121 0.954
(0.83) (6.69) (3.11) (1.52) (0.59) (2.40) (5.41) (6.48)
Shenandoah
5.2 44.3359 0.0888 0.0357 1.7560 0.2980 -0.0050 -39.5825 12.3244
„ 190.06 121 0.964
(3.54) (5.34) (2.61) (2.14) (0.38) (0.21) (9.50) (3.81)
Aggregate
5.3 16.5017 0.1102 0.0353 1.7325 1.4307 -0.0336 -43.2291 17.4403 15.2073 266.22 242 0.950
(1.53) (7.17) (2.58) (2.34) (1.90) (1.47) (11.63) (5.47) (5.37)
aThe t-values of the estimated regression coefficients are given below the corresponding coefficient, 
^n refers to the number of observations used in estimating the equation.
both functional forms the interaction term is insignifi­
cant for the Shenandoah data but significant for the 
Castana data at about the 0.025 level of probability. 
The results concerning the shape of the isoquant are 
still inconclusive. Isoquants derived from the Castana 
and aggregate production functions are concave. But, 
the isoquant derived from the Shenandoah production 
function is very slightly convex.
Restricted quadratic form
From the standpoint o f economic recommendations, 
a concave isoquant results in the same ration decision 
as a linear isoquant, except in the instance in which the 
price line and isoquant are exactly parallel. The re­
stricted quadratic functional form permits declining 
marginal returns but forces the isoquants to be linear. 
It was also used to estimate production functions. The 
results o f the production function estimates using the 
restricted quadratic functional form are summarized in 
Table 6.
The unrestricted quadratic functional form as used 
for production function estimates, equations 4.1, 4.2, 
and 4.3 of Table 4, could give results identical to those of 
the restricted quadratic functional form used for equa­
tions 6.1, 6.2 and 6.3 o f Table 6. In other words, if the 
data were such that the isoquants were exactly linear, 
the quadratic functional form has the capability of 
showing them as linear. The error sum of squares for 
the restricted quadratic functional form cannot be 
smaller than the error sum of squares for the quadratic 
functional form. But, the quadratic form estimates two 
additional parameters and in so doing uses two more 
degrees o f freedom. Thus, the MSE could be smaller for 
the restricted quadratic functional form. For the 
Shenandoah estimates, equations 4.2 and 6.2, this is 
the case. The MSE for the restricted quadratic is 190.35 
but for the quadratic it is 193.49.
One basis for comparing the three functional forms 
is the MSE. In each instance, the square root produc­
tion functions have lower MSE's than the quadratic 
and restricted quadratic. For the Shenandoah data, 
both the square root and quadratic production func­
tions give slightly convex isoquants. But, for the 
Castana data these two functions give concave iso­
quants. When the data from the two farms are pooled 
into the aggregate data set, concave isoquants result 
from both the square root and quadratic production 
functions.
Table 6. The restricted quadratic soilage-corn grain production function estimates with weight from 840 pounds as the 
dependent variable
Explanatory variables
Equation Intercept c S c2 s2 CS DL D2 D3 MSE bn R2
Castana
6.1 35.3461
(5.40)
0.1397
(11.99)
0.0626
(3.09)
-0.0000033
(2.27)
-0.00000067
(0.92)
-0.000003
(0.90)
-32.1331
(5.39)
36.4635
(6.42)
— 235.70 121 0.951
Shenandoah
6.2 61.4338
(14.19)
0.1353
(14.28)
0.0433
(14.96)
-0.0000066
(1.94)
-0.00000067
(2.16)
-0.0000042
(2.06)
-39.5984
(9.63)
12.0275
(3.77)
-- 190.35 121 0.964
Aggregate
6.3 46.8791
(11.55)
0.1443
(17.32)
0.0517
(19.71)
-0.0000079
(2.67)
-0.0000010
(3.06)
-0.0000056
(2.89)
-43.1664
(11.61)
17.9098
(5.62)
15.1933
(5.31)
271.35 242 0.948
Estimates of the variance of the restricted parameters (the coefficients on S and C ), needed to obtain the t-values, 
have been obtained by Taylor series expansion. For example, see Kmenta [17, p. 444]. As before, the t-values of 
the coefficients are given below the corresponding regression coefficient.
n refers to the number of observations used in estimating the equation.
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Marginal gain
A production function is generally expected to indi­
cate decreasing marginal returns to factors over some 
range. Increasing marginal returns imply that each 
additional small increment o f feed will result in more 
weight gain than the previous increment. This is gener­
ally considered not to be the case since feed require­
ments per pound of gain increase at heavier weights. 
However, a check o f the Castana quadratic production 
function, equation 4.1 o f Table 4, reveals that along the 
32:68 ration line the marginal product for soilage is 
decreasing, but the marginal product for com  is in­
creasing. Along any given ration line, soilage and com 
are fed in fixed proportions. A total gain equation can 
be developed by defining a new variable, a, such that a 
represents a feed that contains 32 percent soilage and 
68 percent com. Marginal gain equations can be de­
rived from these total gain equations. The marginal 
gain equations indicate the amount of marginal gain 
along the ration line. For example, see Heady and 
Dillon [12].
Total and marginal gain equations were developed 
for the 83:17 and 32:68 rations for each o f the three 
estimated production functions for the Castana, Shen­
andoah, and aggregate data. The estimated marginal 
gains at 1,000 and 2,000 pounds of feed (dry matter) 
were calculated for the two rations and are presented in 
Table 7. In each instance, the marginal gain declines 
from 1,000 to 2,000 pounds o f feed fed. This indicates 
that, even though the marginal product for com  may be 
increasing, the marginal product for soilage is declin­
ing such that the marginal return to the combination of 
the inputs is decreasing. Therefore, the estimated pro­
duction functions are realistic in the sense that the 
marginal gains along a ration line are decreasing.
In this section, estimated production functions have 
been presented for the Castana, Shenandoah, and 
aggregate data sets. Three functional forms, the 
quadratic, square root, and restricted quadratic, were 
used. These three functional forms give very similar 
statistical results and similar estimates o f marginal 
gains. O f the nine production functions estimated, 
three forced the isoquants to be linear. Four gave con­
cave and two convex isoquants. The convex isoquants 
were derived from the Shenandoah data. But for that 
data set, the restricted quadratic production function 
that forces linear isoquants had a lower MSE than the 
quadratic production function that exhibited slightly 
convex isoquants.
Economic implications of results 
from Castana data
Figure 3 is drawn to illustrate why rations between 
83:17 and 32:68 would never be optimal, least-costly, 
for the Castana results. The 200-pound isoquant de­
rived from the Castana square root production func­
tion, equation 5.1 o f Table 5, is drawn along with three 
price lines. Points I and II on the isoquant depict where 
it intersects the 83:17 and 32:68 ration lines.
A price line connecting points I and II has the slope 
of -  2.47. At a com-soilage price ratio o f 2.47, the 83:17 
and 32:68 rations are equally costly. Any ration be­
tween 83:17 and 32:68 would cost more. As the com- 
soilage price ratio shifts from 2.47, the least-cost ration 
along the isoquant would shift to either 32:68 or 83:17.
Table 7 A comparison of estimated marginal gains for two rations (feed combinations) fed to beef 
steers derived from three gain functions for the Castana, Shenandoah, and aggregate 
(Castana and Shenandoah pooled) data
Data set Functional form
83:17
Ration3
32:68
1,000
Total pounds of feed (dry matter) 
2,000 1,000 
Marginal gain in pounds
2,000
Castana Quadratic 0.076b 0.072 0.116 0.113
Square Root 0.078 0.071 0.116 0.108
Restricted Quadratic 0.074 0.072 0.111 0.106
Shenandoah Quadratic 0.056 0.054 0.097 0.089
Square Root 0.058 0.054 0.096 0.088
--------- , Restricted Quadratic 0.059 0.054 0.098 0.090
Aggregate Quadratic 0.067 0.059 0.106 0.098
Square Root 0.067 0.058 0.106 0.096
------- ----------
Restricted Quadratic 0.064 0.061 0.105 0.095
a
Ratio of soilage to corn in pounds of dry matter.
bThe predicted additional weight gain for the 1,000th pound (dry matter) of the 83:17 ration 
ted to a steer initially weighing 840 pounds is 0.076 pound .
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Fig. 3. Isoquant derived from Castana square root production 
function and three price lines.
For example, if the com-soilage price ratio increased to 
2.48, the 83:17 ration would cost less than the 32:68 
ration. If the com-soilage price ratio declined to 2.46, 
the 32:68 ration would cost less than the 83:17 ration.
Five methods of estimating the 200-pound isoquant 
for the Castana data are compared in Table 8. Four 
points along the isoquant are given. The isoquants 
derived from the quadratic, square root, and restricted 
quadratic production functions and the directly esti­
mated linear and quadratic isoquants are compared. 
The points selected correspond with four o f the six 
rations used in the feeding experiment: 83:17, 70:30, 
54:46, and 32:68. The estimated quantities of soilage 
and com  are reported for each isoquant at each ration 
line. For example, the square root production function 
estimates that 1,809 pounds of soilage and 371 pounds 
of com  will be required to transform an 840-pound steer 
into a 1,040-pound steer. The directly estimated 
quadratic isoquant estimates that 1,729 pounds of soil- 
age and 354 pounds of com  will be required to produce 
the 200 pounds of gain.
Feed costs for 200 pounds of gain are estimated for 
three selected price ratios. These costs also are pre­
sented in Table 8. The intermediate price ratio is the 
com-soilage price ratio at which the 83:17 and 32:68 
rations are equally costly. For example, connecting 
points I and II in Figure 3 gives a line with the slope of 
-2 .4 7 . Thus, 2.47 is used as the intermediate price 
ratio for the square root production function method of 
estimation in Table 8. The ratios o f 1.50 and 3.50 were 
arbitrarily selected. The price o f com  is based on 85
percent dry matter com  at $2.50 per bushel. This con­
verts into $5.25 per 100 pounds of dry matter. The price 
of soilage is determined by dividing the price o f com  by 
the com-soilage price ratio. At the com-soilage price 
ratio o f 1.50, the soilage price is calculated to be $3.50 
per 100 pounds of dry matter. For com-soilage price 
ratios o f 2.47 and 3.50, soilage prices are calculated to 
be $2.13 and $1.50 per 100 pounds of dry matter, respec­
tively.
From Figure 3 we saw that at a price ratio of 2.47 
the 83:17 and 32:68 rations are equally costly. The price 
line with a slope of -  2.47 intersects these two points on 
this concave isoquant. At prices o f $5.25 for com  and 
$2.13 for soilage, the cost o f both rations is $58. If the 
economic objective is to formulate a least-cost ration, 
given the com-soilage price ratio o f 2.47, both rations 
are optimal.
If the price o f com  relative to the price o f soilage 
declines, the com-soilage price ratio will fall below
2.47. And the 32:68 ration, which contains a greater 
percentage of com , will cost less than any of the other 
rations. At the 1.50 price ratio, the 32:68 ration costs 
$64 and the 83:17 ration costs $83. If, on the other hand, 
the price of com  relative to the price o f soilage increases 
such that the com-soilage price ratio exceeds 2.47, the 
83:17 ration becomes legist-costly. At the com-soilage 
price ratio o f 3.50, the 83:17 ration costs $47, but the 
32:68 ration costs $55.
For any concave isoquant, such as the one in Figure 
3, the least-cost ration will always be on one end or the 
other and never in between. At the 2.47 price ratio, the 
70:30 and 54:46 rations both cost $61, or $3 more than 
either the 83:17 or 32:68 rations. As previously shown, 
at com-soilage price ratios less than and greater than
2.47, the least-cost ration is never between the end­
points of the isoquant. Since the data have been re­
stricted to the 83:17 to 32:68 range, the least-cost ration 
may not be captured by the estimated portion of the 
isoquant.
Consider the results o f the four other methods of 
estimation as presented in Table 8. At a com-soilage 
price ratio of 1.50, all five estimation methods select the 
32:68 ration as being least-costly. Similarly, at a com- 
soilage price ratio o f 3.50 all methods select the 83:17 
ration. The intermediate price ratios, at which switch­
ing from one end of the isoquant to the other occurs, 
range from 2.47 to 1.87. The directly estimated-iso­
quants have a slightly smaller negative slope.
The isoquants derived from the restricted quadratic 
production function and the directly estimated linear 
isoquant are linear. Hence, the intermediate price 
ratios for these two estimation methods have been 
chosen such that the price line is congruent with the 
isoquant. Therefore, the cost o f all four rations will be 
the same. For example, consider the isoquant derived 
from the restricted quadratic production function. At 
the com-soilage price ratio o f 2.23, each of the four 
rations costs $63. The slope of the isoquant is -2.23, 
and the marginal rate o f substitution is 2.23. In other 
words, along this isoquant 2.23 units o f soilage will 
substitute for one unit o f com . Since the isoquant is 
linear, it has constant slope and a constant marginal 
rate of substitution. If a unit of com  costs less than 2.23
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units of soilage, the high com  ration has the lowest feed 
cost. On the other hand, if a unit of com  costs more than 
2.23 units of soilage, the high soilage ration is less 
expensive.
The key point is that, based on the statistical analy­
sis of the Castana experiment and an economic objec­
tive of feeding a least-cost ration, the middle rations,
those between 83:17 and 32:68, need never be fed. This 
is true even if the isoquants are linear. Although the 
middle rations will cost the same as the end rations if 
the price line and isoquant have the same slope, they 
will never cost less. Hence, the producer should feed 
either a high soilage or a high com  ration and avoid 
rations in the middle.
Table 8. A comparison of alternative statistical estimates of feed requirements for 200 pounds of gain 
in steers. Castana data pooled over three years. Feed cost calculated for four rations at 
three selected price levels
Method of estimation
Ration
(soilage-com ratio 
dry matter basis)
Estimated feed required 
for 200 pounds of gain 
(pounds of dry matter)
Feed
corn-
cost at selected 
-soilage price ratios
Soilage Corn
Quadratic gain function 1.50 2.27b 3.50
83:17 1,805 370 $83 $61 $47
70:30 1,391 596 80 63 52
54:46 934 796 75 63 56
32:68 455 966 67 61 58
Square root gain function 1.50 2.47b 3.50
83:17 1,809 371 $83 $58 $47
70:30 1,401 601 81 61 53
54:46 931 793 74 61 56
32:68 436 927 64 58 55
Restricted quadratic b
gain function 1.50 2.23 3.50
83:17 1,843 377 $84 $63 $47
70:30 1,372 588 79 63 52
54:46 925 788 74 63 55
32:68 468 993 69 63 59
Directly estimated _b
linear isoquant 1.50 1.87° 3.50
83:17 1,783 365 $82 $69 $46
70:30 1,368 587 79 69 51
54:46 950 810 76 69 57
32:68 495 1,053 73 69 63
Directly estimated
quadratic isoquant 1.50 1.94b 3.50
83:17 1,729 354 $79 $65 $45
70:30 1,400 600 81 69 53
54:46 980 835 78 70 59
32:68 472 1,003 69 65 60
aPrice of corn calculated at $5.25 per 100 pounds of dry matter ($2.50 per bushel at 85 percent dry 
matter), soilage price calculated from price ratio (corn price 7 price ratio = soilage price).
Price ratios of 1.50 and 3.50 were arbitrarily selected. The basis for selection of intermediate 
price ratios is as explained in footnote b.
bThe corn-soilage price ratio at which the 83:17 and 32:68 rations are equally costly (price line is 
forced to touch the isoquant at these two points, and is congruent with the linear isoquants).
37
Economic implications of results 
from Shenandoah data
An analysis sim ilar to that presented for the 
Castana estimates in Table 8 is presented for the She­
nandoah estimates in Table 9. The Shenandoah esti­
mates give conflicting results concerning the shape of 
the isoquant. The isoquants derived from the quad­
ratic and square root production functions are convex. 
But the directly estimated quadratic is concave. The 
restricted quadratic production function had a lower 
MSE than the quadratic. Equations 3.4 and 5.2 imply 
that the directly estimated linear isoquant lies just 
above the convex isoquant derived from the square root 
production function. The two are nearly parallel. This 
similar slope is evident in Table 9 as the intermediate 
com-soilage price ratios range from only 3.04 to 3.13.
The convexity o f the isoquant derived from the 
square root production function also is evident as the 
two middle rations cost approximately one dollar less 
than the two end rations at a price ratio o f 3.12. The
actual cost difference is less than 50 cents, with the 
table difference of one dollar resulting from rounding.
The directly estimated quadratic isoquant is slight­
ly concave. This is reflected in the one dollar higher cost 
estimated for the middle rations at a price ratio of 3.13.
The statistical results are conflicting. But, for the 
purpose o f making economic recommendations, the re­
sults o f the five estimation methods are quite similar. 
Since the restricted quadratic production fimction has a 
lower MSE than the quadratic production function, the 
linear isoquant o f the restricted quadratic can be 
accepted over the convex isoquant o f the quadratic pro­
duction function. The statistical results of the direct 
estimates suggest a linear or concave isoquant over the 
data range. Hence, on the basis o f these four methods of 
estimation, there is no need to feed rations other than 
those on the end to achieve least cost. The only case left 
for a convex isoquant is presented by the isoquant 
derived from the square root production function. But, 
even if it is the correct representation, the only in­
stance in which rations along the estimated portion of
Table 9. A comparison of alternative statistical estimates of feed requirements for 200 pounds of gain in 
steers. Shenandoah data pooled over three years. Feed cost calculated for four rations at three 
selected price levels
Method of estimation
Rat ion
(soilage-com ratio 
dry matter basis)
Estimated feed required 
for 200 pounds of gain 
(pounds of dry matter)
Feed
corn-
cost at selected a
-soilage price ratios
Soilage Corn b
Quadratic gain function 1.50 3.11 3.50
83:17 2,203 451 $101 $61 $57
70:30 1,540 660 89 61 . 58
54:46 985 839 79 61 59
32:68 474 1,008 70 61 60
Square root gain function 1.50 3.12b 3.50
83:17 2,199 450 $101 $61 $57
70:30 1,533 657 88 60 58
54:46 981 835 78 60 59
32:68 473 1,004 69 61 60
Restricted quadratic b
gain function 1.50 3.13 3.50
83:17 2,204 451 $101 $61 $57
70:30 1,545 662 89 61 58
54:46 987 841 79 61 59
32:68 473 1,005 69 61 60
Directly estimated b
linear isoquant 1.50 3.04 3.50
83:17 2,242 459 $103 $63 $58
70:30 1,579 677 91 63 59
54:46 1,013 863 81 63 61
32:68 487 1,036 71 63 62
Directly estimated
quadratic isoquant 1.50 3.13b 3.50
83:17 2,248 460 $103 $62 $58
70:30 1,594 683 92 63 60
54:46 1,017 866 81 63 61
32:68 482 1,025 71 62 61
Price of corn calculated at $5.25 per 100 pounds of dry matter ($2.50 per bushel at 85 percent dry 
matter), soilage price calculated from price ratio (corn price 7 ratio = soilage price). Price 
ratios of 1.50 and 3.50 were arbitrarily selected. The basis for selection of intermediate price 
ratios is as explained in footnote b.
bThe corn-soilage price ratio at which the 83:17 and 32:68 rations are equally costly (price line is 
forced to touch the isoquant at these two points, and is congruent with the linear isoquants).
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the isoquant other than 83:17 and 32:68 would be 
optimal is if the com-soilage price ratio falls between 
3.00 and 3.22. And, in these circumstances, the differ­
ence in ration cost between the middle and end rations 
would be relatively small. Thus, recommending that 
the producer feed either a ration high in soilage or one 
high in com, and avoid rations in the middle, also 
seems justifiable from the Shenandoah estimates.
Economic implications of results 
from aggregated data
The results o f the aggregate isoquant estimates, 
Castana and Shenandoah pooled, are presented in 
Table 10. The isoquants derived from the quadratic and 
square root production functions and the directly esti­
mated quadratic isoquant are all concave. Thus, the 
results with respect to isoquant shape for the aggregate 
estimates are the same as for the Castana estimates. 
There is no reason to feed any o f the rations between 
83:17 and 32:68 to achieve an objective o f least-cost.
Even though isoquants derived from the quadratic and 
square root production functions are concave, the con­
cavity is not sufficient to be reflected in the rounded cost 
o f the four rations under the intermediate price ratios. 
As with the estimates for Castana and Shenandoah, the 
statistical procedure o f estimation is more important 
than the functional form in accounting for differences. 
Results for the three production function estimates are 
very similar as are the results for the two direct esti­
mates.
The analysis indicates that it is not necessary to 
feed any of the rations between 83:17 and 32:68 to 
achieve a least-cost ration objective. A  remaining eco­
nomic concern is the com-soilage price ratio at which 
switching from the 83:17 to the 32:68 ration and vise 
versa is necessary to maintain a least-cost ration. The 
com-soilage price ratios at which the 83:17 and 32:68 
rations are equally costly indicate the estimated 
optimal switching points for the various estimation 
methods. These estimated com -soilage price ratios 
range from 2.49 for the directly estimated linear iso-
Table 10. A comparison of alternative statistical estimates of feed requirements for 200 pounds of gain in 
steers. Data pooled over three years and two farms. Feed cost calculated for four rations 
at three selected price levels
Method of estimation
Ration
(soilage-corn ratio 
dry matter basis)
Estimated feed required 
for 200 pounds of gain 
(pounds of dry matter)
Feed
corn-
cost at selected 
-soilage price ratios
Soilages Corn
Quadratic gain function 1.50 2.61b 3.50
83:17 1,969 403 $90 $61 $51
70:30 1,426 611 82 61 53
54:46 937 798 75 61 56
32:68 461 980 68 61 58
Square root gain function 1.50 2.79b 3.50
83:17 2,002 410 $92 $59 $52
70:30 1,440 617 83 59 54
54:46 935 797 75 59 56
32:68 454 965 67 59 57
Restricted quadratic
gain function 1.50 2.79b 3.50
83:17 2,020 414 $92 $60 $52
70:30 1,445 619 83 60 54
54:46 939 800 75 60 56
32:68 458 973 67 60 58
Directly estimated
linear isoquant 1.50 2.49b 3.50
83:17 2,041 418 $93 $65 $53
70:30 1,491 639 86 65 56
54:46 987 841 79 65 59
32:68 490 1,041 72 65 62
Directly estimated
quadratic isoquant 1.50 2.56b 3.50
83:17 2,047 419 $94 $64 $53
70:30 1,505 645 87 65 56
54:46 993 846 79 65 59
32:68 484 1,029 71 64 61
Price of corn calculated at $5.25 per 100 pounds of dry matter ($2.50 per bushel at. 85 percent dry 
matter), soilage price calculated from price ratio (corn price ~  price ratio = soilage price). Price 
ratios of 1.50 and 3.50 were arbitrarily selected. The basis for selection of intermediate price 
ratios is as explained in footnote b .
I
The corn-soilage price ratio at which the 83:17 and 32:68 rations are equally costly (price line is 
forced to touch the isoquant at these two points, and is congruent with the linear isoquants).
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quant to 2.79 for the isoquant derived from the square 
root production function. If the price ratio is less than 
2.49, the high corn ration should be fed. If it is greater 
than 2.79, the high soilage ration is less costly.
The 2.49 to 2.79 range converts into a soilage price 
ranging from $0.0211 to $0.0188 per pound. Assuming 
that soilage contains 20.5 percent moisture, this con­
verts into an as-fed price o f $8.65 to $7.71 per ton, which 
is a relatively narrow range.
SUMMARY AND CONCLUSIONS
Volatile grain prices o f the 1970’s have increased 
the interest in the trade-off or substitution rates be­
tween forages and concentrates in the beef feeding ra­
tion. During the decade o f the 1960’s, prices o f concen­
trates and forages were relatively stable. In the early 
1970’s, the price o f grains increased rapidly. Grain 
prices also became much more volatile than they had 
been during the 1960’s. These volatile prices resulted in 
less stability in the relative prices o f forage to concen­
trate.
Production and nutrition theory had generally 
postulated a decreasing marginal rate o f substitution 
between concentrate and forage, i.e., a convex isoquant. 
In this case, as the price o f grain increases relative to 
the price of forage, the optimal feed mix changes to 
include more forage and less o f the relatively more 
expensive concentrate. Increased price volatility 
emphasized the importance of determining the shape of 
this forage-concentrate isoquant.
Recent evidence reported by Goodrich et al. [11], 
Byers et al. [6], Brokken et al. [5], Brokken [3, 4], and 
Melton [19] suggests that the forage-concentrate iso­
quant might be concave over a region. Rations between 
the ends of the concave region would never be optimal. 
However, a previous study of the trade-off between 
soilage (fresh-chopped alfalfa-bromegrass) and com  
grain reported by Heady et al. [13] in 1963 concluded 
that the soilage-com isoquant is convex. But, at that 
time, only convex isoquants were considered to be logi­
cally consistent with nutrition and production theory.
The results o f the previous study conflict with the 
more recent evidence that suggests that over some 
range the isoquant may be concave. None of the recent 
studies, however, has used green-chopped alfalfa- 
bromegrass as the forage source. Thus, it could be that 
the isoquant shape is highly dependent on the specific 
roughage fed. Because of the conflicting findings and 
the importance of the issue, data from the previous 
study were located and analyzed in the light of the more 
recent theories.
The data were obtained from a 3-year feeding ex­
periment conducted on two western Iowa experimental 
farms—Castana and Shenandoah. Six rations were fed. 
The dry matter soilage-to-com ratios were as follows: 
100:0, 83:17, 70:30, 54:46, 41:59, and 32:68. The esti­
mated NEg in megacalories per kilogram for these ra­
tions ranged from 0.71 to 1.23. The experiment was 
designed to simulate pasture feeding. Hence, the soil- 
age content and quality were not fixed. Thus, the NEg 
estimates are rough approximations.
One set o f statistical estimates o f isoquants and 
production functions was made from the Castana farm 
data pooled over the 3 years. A  corresponding set of 
estimates was made from data obtained from the Shen­
andoah farm. Finally, the data from both farms were 
pooled into an aggregate data set, and estimates also 
were made from these aggregate data.
First, isoquants were directly estimated. This sta­
tistical technique was not utilized in the previous 
analysis. Direct isoquant estimates from all six rations 
indicated that the full soilage ration (100:0) could cause 
estimation problems. The simulation of pasture feeding 
restricted the length of the experiment to the pasture 
season. Because of lower rates o f gain, the pens receiv­
ing the full soilage ration did not have the opportunity 
to achieve the same level o f gain as the other pens.
This finding is consistent with part o f Brokken’s 
theory [3]. The theory is based on the assumption that 
an animal has a physiological demand for energy. For 
low energy rations, such as the full soilage ration with 
an estimated NEg= 0.71, gut fill rather than the phys­
iological demand for energy may restrict energy intake. 
But, as the energy concentration of the ration in­
creases, the physiological demand for energy can be 
met, i.e., the energy is concentrated in a smaller pack­
age such that the amount demanded fits in the gut.
The five rations between and including 83:17 and 
32:68 are expected to fall in the region where physiolog­
ical demand for energy, rather than gut fill, limits 
energy intake. Hence, a restriction may have been 
placed on the animals receiving the full soilage ration, 
which was not encountered by the animals receiving 
the other five rations. Thus, the full soilage ration was 
deleted, and subsequent statistical estimates were 
made using only the five remaining rations.
Linear, quadratic, and cubic functional forms were 
used to directly estimate isoquants. For the Castana 
data, the quadratic functional form, which resulted in a 
concave isoquant, provided the statistical fit with the 
highest R2 and lowest MSE. The linear fits exhibited 
the best statistical results for the Shenandoah and 
aggregate data. None of the three quadratic fits re­
sulted in convex isoquants. On the basis of the results of 
these directly estimated isoquants, it would not be 
necessary to feed any of the rations other than those on 
the ends of the estimated isoquant to achieve a least- 
cost objective. If the isoquant is concave, the middle 
rations should never be fed. If it is linear, it would not be 
necessary to feed any of the middle rations since those 
in the middle will never cost less than one of the end 
rations.
Production function estimates were made using the 
quadratic, square root, and restricted quadratic func­
tional forms. The quadratic and square root functional 
forms permit convex, linear, or concave isoquants. The 
restricted quadratic functional form is a modification of 
the quadratic form that restricts the isoquants to be 
linear.
The square root functional form provided the high­
est R2 in all three cases. Isoquants derived from the 
Castana and aggregate square root production func­
tions were concave. However, the isoquant derived
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from the Shenandoah square root production function 
was convex. But the amount of convexity was so slight 
that rations other than those on the ends of the esti­
mated isoquants would be preferred only within a very 
narrow range of com-soilage price ratios.
The findings o f this analysis partly reconcile the 
conflicting results o f the previous analysis of these data 
with more recent findings and hypotheses. The 
Castana data support the concave region hypothesis. 
The Shenandoah direct estimates support a linear re­
gion. The isoquant derived from the Shenandoah 
square root production functions is very slightly con­
vex—nearly linear. Several factors may account for the 
differences between the Castana and Shenandoah esti­
mates. The Castana rations contained DES while those 
at Shenandoah did not. Also, soilage quality and en­
vironmental factors were not held constant across 
farms.
The primary findings o f this study are that (a) while 
there is some evidence of concave beef gain isoquants 
for concentrates and forages, the results are still not 
conclusive, and (b) the alternative linear, convex, and 
concave isoquants derived in this study generally lead 
to selection of the same ration as the least-cost one 
under the price ratios examined. With concave iso­
quants, some rations, those in the middle o f the iso­
quant, are never economically optimal. A major limita­
tion of this study is that the data analyzed were re­
stricted to the 83:17 to 32:68 range. Only this portion of 
the total gain surface could be estimated. More experi­
ments are needed to cover a wider spectrum of the 
roughage-concentrate continuum. Furthermore, subse­
quent experiments should be designed with sufficient 
rations such that the turning points between concave 
and convex regions, if they exist, can be statistically 
estimated.
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